Abstract: By analogy with the classical case of a probability measure, we extend the notion of increasing convex (concave) stochastic dominance relation to the case of a normalized monotone (but not necessarily additive) set function also called a capacity. We give different characterizations of this relation establishing a link to the notions of distribution function and quantile function with respect to the given capacity. The Choquet integral is extensively used as a tool. In the second part of the paper, we give an application to a financial optimization problem whose constraints are expressed by means of the increasing convex stochastic dominance relation with respect to a capacity. The problem is solved by using, among other tools, a result established in our previous work, namely a new version of the classical upper (resp. lower) Hardy-Littlewood's inequality generalized to the case of a continuous from below concave (resp. convex) capacity. The value function of the optimization problem is interpreted in terms of risk measures (or premium principles).
Introduction
Capacities and integration with respect to capacities were introduced by G. Choquet and were afterwards applied in different areas such as economics and finance among many others (cf. for instance Wang and Yan [42] for an overview of applications). In economics and finance, capacities and Choquet integrals have been used, in particular, to build alternative theories to the "classical" setting of expected utility maximization of Von Neumann and Morgenstern. Indeed, the classical expected utility paradigm has been challenged by various empirical experiments and "paradoxes" (such as Allais's and Ellsberg's) thus leading to the development of new theories. One of the proposed new paradigms is the Choquet expected utility (abridged as CEU) where agent's preferences are represented by a capacity and a non-decreasing real-valued function . The agent's "satisfaction" with a claim is assessed by the Choquet integral of ( ) with respect to the capacity . Choquet expected utility intervenes in situations where an objective probability measure is not given and where the agents are not able to derive a subjective probability over the set of different scenarios (cf., for instance, Schmeidler [37] , Chateauneuf [5] , Chateauneuf et al. [7] , for more details concerning the CEUtheory).
On the other hand, stochastic orders have also been extensively used in the decision theory. They represent partial order relations on the space of random variables on some probability space (Ω, F, ℙ) (more precisely, stochastic orders are partial order relations on the set of the corresponding distribution functions). Different kinds of orders have been studied and applied (see, for instance, Müller and Stoyan [31] , and Shaked and Shanthikumar [36] for a general presentation) and links to the expected utility theory have been explored. Hereafter, we will call "classical" the results on stochastic orders in the case of random variables on a probability space. In the classical setting of random variables on a probability space, there are two approaches to risk orderings: economic ordering based on classes of utility functions, and statistical ordering which is based on tail distributions (cf. the explanations in Wang and Young [41] ). In the "classical" case of a probability space, the two approaches lead to definitions which are equivalent. For the purpose of this paper we will focus on the increasing convex ordering (or increasing convex stochastic dominance relation). The economic approach to the classical increasing convex stochastic dominance leads to the following definition, is said to be dominated by in the increasing convex stochastic dominance relation (denoted ≤ icx ) if ( ( )) ≤ ( ( )) for all : ℝ → ℝ nondecreasing and convex, provided the expectations (taken in the Lebesgue sense) exist in ℝ. The economic interpretation is then the following: the claim is dominated by the claim in the increasing convex stochastic dominance if is preferred to by all decision makers who prefer more wealth to less and who are risk-seeking. The statistical approach leads to the following equivalent definition:
, ∀ ∈ ℝ, provided the integrals exist in ℝ. Moreover, we have the following characterization which establishes a link between the icx-ordering relation and stop-loss premia in reinsurance (cf.
Dhaene et al. [16] ): ≤ icx if and only if (( − ) + ) ≤ (( − ) + ), ∀ ∈ ℝ, provided the expectations exist in ℝ.
In the first part of this paper, we generalize the notion of increasing convex stochastic dominance to the case where the measurable space (Ω, F) is endowed with a given capacity which is not necessarily a probability measure, and we investigate generalizations of the previously mentioned results to this setting. Our definition of increasing convex stochastic dominance relation with respect to a capacity (denoted by ≤ icx, ) is motivated by the Choquet expected utility theory (it is a "CEU-based" stochastic dominance relation). Of course, in our case "ordinary" expectations (in the Lebesgue sense) have to be replaced by Choquet expectations. We obtain that characterizations analogous to the previously mentioned remain valid in our more general setting if we assume that the capacity has certain continuity properties (namely, continuity from below and continuity from above). Nevertheless, let us remark that in all proofs but one the assumption of continuity from below and from above is not needed.
In the second part of the paper, we study a financial optimization problem inspired by the work of Dana [10] (see also Dana and Meilijson [11] and the references therein, Jouini and Kallal [26] , Dybvig [17] , as well as the work of Kusuoka [29] for a related result). In Dana [10] , and Dana and Meilijson [11] , the following optimization problem is considered:
where the abbreviation stands for the increasing concave ordering relation (with respect to the probability measure ℙ), the symbol denotes the Lebesgue expectation (with respect to the probability measure ℙ), and where ∈ 1 + (Ω, F, ℙ) and ∈ ∞ (Ω, F, ℙ) are given. Let us recall that the icv-stochastic dominance relation is defined similarly to the icx-stochastic dominance, the class of non-decreasing convex real-valued functions in the definition being replaced by the class of non-decreasing concave real-valued functions. The authors interpret the value function of the above problem (̃) as being the minimal expenditure to get a contingent claim among those which dominate the contingent claim in the increasing concave ordering. The value function of the problem is linked to the notion of risk measure as well. By analogy with this problem we are interested in the following optimization problem, where we are given a (continuous from below concave) capacity and a non-negative numéraire :
the symbol denoting the Choquet integral with respect to and A( ) standing for the set of non-negative bounded measurable functions which precede a given non-negative bounded measurable function in the ≤ icx, -ordering (cf.
Section 5 for a precise formulation of the problem). The measurable function can be interpreted as a discount factor, and the objective functional → ( ) can be interpreted as a given reference risk measure (or premium principle in insurance) in which the discount factor is taken into account. The importance of discounting in risk measurement has been highlighted by El Karoui and Ravanelli [19] . We recall that the usage of Choquet integrals as risk measures (or premium principles in insurance) is not new (cf. the review articles of Wang and Yan [42] , Dhaene et al. [16] , as well as the book of Föllmer and Schied [20] ; cf. also the recent articles by Song and Yan [39] , and Frittelli and Rosazza Gianin [21] ). We also recall that the well-known distortion risk measures (or distortion premium principles), studied by Wang et al. [40] and Denneberg [12] , are particular cases of Choquet integrals (with respect to a capacity of the form ∘ ℙ where is a distortion function and ℙ is a given probability measure). Choquet integrals have also been used as non-linear pricing functionals in finance (cf. Chateauneuf et al. [7] , as well as the review paper by Wang and Yan [42] and the references therein). Some connections between non-linear pricing functionals and risk measures have been made in the work of Bion-Nadal [2] and Klöppel and Schweizer [28] .
We give an interpretation of the value function of problem (D) in terms of a class of risk measures (or premium principles) which we call "generalized" distortion risk measures (or "generalized" distortion premium principles in insurance). A decision maker (an insurance company for instance) which is willing to take into account the initial reference risk measure ( ⋅), as well as other criteria of "riskiness" modelled by the ≤ icx, -relation, could use problem (D) as a way of devising a "new" risk measure (cf. Section 5 for more details).
In order to solve problem (D), we use a new version of the classical HardyLittlewood's upper (resp. lower) inequality generalized to the case of a continuous from below concave (resp. convex) capacity. We also provide a "dual" characterization of the value function of problem (D) as the smallest risk measure which is consistent with respect to the ≤ icx, -relation and which is greater than, or equal to, the initial reference risk measure.
The rest of the paper is organized as follows. In Section 2 we fix the terminology and the notation by recalling some well-known definitions about capacities and Choquet integrals; in particular, the notions of comonotonic measurable functions and quantile function with respect to a capacity are recalled. In Section 3 we define the notion of increasing convex (concave) stochastic dominance with respect to a capacity and explore different characterizations analogous to those existing in the classical case of a probability measure. In Section 4 we state the "generalized" Hardy-Littlewood's inequalities. In Section 5 we formulate and solve our optimization problem (D); in Subsection 5.1 we provide an interpretation of the value function in terms of risk measures in finance (or premium principles in insurance); in Subsection 5.2 we give a "dual" characterization of the value function of problem (D). Finally, in Section 6 we briefly present a part of our ongoing research concerning some related questions. The Appendix contains three parts: some well-known results about Choquet integration which are used in the paper are recalled in Appendix A; in Appendix B some complements on Choquet integration are given: they are used in the proof of one of the characterizations of the ≤ icx, -relation; Appendix C is devoted to the proofs of a lemma and a proposition from Section 3 which are similar to the proofs of the corresponding "classical" results.
Notation, definitions and some basic properties
The definitions and results recalled in this section can be found in the book by Denneberg [13] , and/or in that by H. Föllmer 
).
A capacity is called continuous from above if
The dual capacitȳof a given capacity is defined bȳ
We recall the notions of (non-decreasing) distribution function and of a quantile function with respect to a capacity (cf. Föllmer and Schied [20] 
where the convention sup{⌀} = −∞ is used. For notational convenience, we omit the dependence on in the notation and when the omission is not misleading. 
For a measurable function on (Ω, F), the Choquet integral of with respect to a capacity is defined as follows:
Note that the Choquet integral in the preceding definition may not exist (namely, if one of the two (Riemann) integrals on the right-hand side is equal to +∞ and the other to −∞), may be in ℝ or may be equal to +∞ or −∞. The Choquet integral always exists if the function is bounded from below or from above. The Choquet integral exists and is finite if is in .
For reader's convenience and in order to fix the terminology, we summarize some of the main properties of Choquet integrals in the following propositions (cf. Proposition 5.1 in Denneberg [13] ), where we make the convention that the properties are valid provided the expressions make sense (which is always the case when we restrain ourselves to elements in ). Proposition 2.7. Let be a capacity on (Ω, F), and let and be measurable functions on (Ω, F). The following properties hold true:
wherēis the dual capacity of -(comonotonic additivity) If and are (real-valued) comonotonic functions, then ( + ) = ( ) + ( ).
Finally, we recall the subadditivity property of the Choquet integral with respect to a concave capacity.
Proposition 2.8. Let be a concave capacity on (Ω, F), and let and be measurable real-valued functions on (Ω, F) such that ( ) > −∞ and ( ) > −∞.
We have the following property:
(sub-additivity)
( + ) ≤ ( ) + ( ).
We refer the reader to Denneberg [13] for a slightly weaker assumption than the one given in the previous proposition. 
) is a convex functional on (in the usual sense).
Other well-known results about Choquet integrals, quantile functions with respect to a capacity and comonotonic functions which will be used in the sequel can be found in the Appendix A. We end this section by two examples of a capacity. The first example is wellknown in the decision theory (think for instance of the rank-dependent expected utility theory -Quiggin [33] , or of Yaari's distorted utility theory in Yaari [43] ); the second is a slight generalization of the first and can be found in Denneberg [13] . If the distortion function is concave, the capacity ∘ is a concave capacity in the sense of Definition 2.2. 2. Let be a capacity on (Ω, F) and let be a distortion function. Then the set function ∘ is a capacity which, by analogy with the previous example, will be called a distorted capacity. Moreover, we have the following property: if is a concave capacity and is concave, then ∘ is concave. The proof uses the same arguments as the proof of Proposition 4.69 in Föllmer and Schied [20] and is left to the reader (see also Exercise 2.10 in Denneberg [13] ).
Stochastic orderings with respect to a capacity
The aim of this section is to "extend" the concept of stochastic orderings from the "classical" case where the underlying measurable space is endowed with a probability measure to the more general case where the underlying measurable space is endowed with a capacity (which is not necessarily additive); for the purposes of this article, the stress is placed on the generalizations to the case of a capacity of the results on the increasing convex and the increasing concave stochastic dom-inance relations. As is usually done in the classical case, we emphasize the links between an economic approach to stochastic orderings based on numerical representations of the economic agents' preferences and a statistical approach based on a pointwise comparison of the distribution functions or of some other performance functions constructed from the distribution functions. Our definitions are analogous to the "classical" ones.
The increasing convex stochastic dominance with respect to a capacity
Analogously to the "classical" definition of increasing convex stochastic dominance (with respect to a probability measure), we define the notion of increasing convex stochastic dominance relation (or, equivalently, increasing convex ordering) with respect to a capacity as follows:
Definition 3.1. Let and be two measurable functions on (Ω, F) and let be a capacity on (Ω, F). We say that is smaller than in the increasing convex ordering (with respect to the capacity ) denoted by
for all functions : ℝ → ℝ which are non-decreasing and convex, provided the Choquet integrals exist in ℝ.
This definition coincides with the usual definition of the increasing convex order when the capacity is a probability measure on (Ω, F) (cf. Shaked and Shanthikumar [36] for details in the classical case). Kaas et al. [27] if all the CEU-minimizers whose preferences are described by the (common) capacity and a non-decreasing convex "pain" function (see Denuit et al. [15] for the terminology), and who associate a real number to their dissatisfaction with and , prefer losing to losing .
Remark 3.2. The economic interpretation of the icx-ordering with respect to a capacity is the following: ≤ , if all the CEU-maximizers whose preferences are described by the (common) capacity and a non-decreasing convex utility function (and who associate a real number to their satisfaction with and ) prefer the claim to the claim . As explained in
For the sake of completeness, we define the notion of an increasing concave stochastic dominance (or equivalently an increasing concave ordering) with respect to a capacity . 
Definition 3.3. Let and be two measurable functions on (Ω, F) and let be a capacity on (Ω, F). We say that is smaller than in the increasing
wherēdenotes the dual capacity of the capacity .
Proof. The proof is based on the fact that a function → ( ) is non-decreasing and convex in if and only if the function → − (− ) is non-decreasing and concave in , and on the property of asymmetry of the Choquet integral; the details are straightforward.
We note that in the classical case where the capacity is a probability measure, the dual̄is equal to ; so, in that case, the previous Proposition 3.4 is reduced to a well-known result from the stochastic order literature (cf. Theorem 4.A.1. of Müller and Stoyan [31] ). The aim of the following propositions is to obtain characterizations of the -and -stochastic dominance relations with respect to a capacity. Due to Proposition 3.4, we need to consider the case of the -relation only.
Proposition 3.5. Let be a capacity. We have the following statements:
provided the Choquet integrals exist in ℝ.
(ii) If the capacity has the additional properties of continuity from below and continuity from above, then the converse implication holds true, namely:
Proof. The proof is an adaptation of the proof of Theorem 1.5.7. in Müller and Stoyan [31] to our case.
The proof of assertion (i) is trivial, the function → ( − )
+ being non-decreasing and convex for all ∈ ℝ.
Let us now prove the assertion (ii). Let be a non-decreasing and convex function such that ( ( )) exists in ℝ and ( ( )) exists in ℝ. We consider three cases: ( − )
+ . Using the properties of comonotonic additivity and positive homogeneity of the Choquet integral, and a reasoning by induction, we obtain
The same holds when is replaced by . Thus,
The capacity being continuous from below, we apply the monotone convergence theorem (recalled in Theorem A.7) in order to pass to the limit in the previous inequality; thus, we obtain ( ( )) ≤ ( ( )). Moreover, the function fulfils the conditions of the second case (we note that is non-decreasing, convex and bounded from below). So, ( ( )) ≤ ( ( )), for all ∈ ℕ. We can pass to the limit in Equation (3.1) thanks to Proposition B.1 of the appendix. More precisely, by applying the second statement of Proposition B.1 with := ( ), := ( ) and the capacity (which is continuous from above by assumption), we obtain ( ( )) ↓ ( ( )). We note that the assumption of "integrability with respect to " of = ( ) and 0 = 0 ( ) of Proposition B.1 is satisfied: indeed, the integral ( ( )) exists and is finite due to the assumption on ; the integral ( 0 ) exists and is finite due to the definition of 0 and to the "integrability with respect to " of ( ).
By the same arguments we obtain ( ( )) ↓ ( ( )). These two observations combined with Equation (3.1) allow us to conclude that ( ( )) ≤ ( ( )). In the classical case where is a probability measure the previous Proposition 3.5 is reduced to a well-known characterization of the increasing convex order: it allows to link the increasing convex order to the notion of stop-loss premium in reinsurance. Accordingly, in the classical case the increasing convex order is also called stop-loss order.
Let us now establish a link between the increasing convex stochastic dominance with respect to a capacity and the notion of distribution function with respect to the capacity . 
provided the integrals exist in ℝ.
Proof. Using the definition of the Choquet integral and a change of variables, we have for all ∈ ℝ,
which proves the desired result.
We are ready to link the previous results to the notion of a quantile function with respect to . We refer the reader to Shaked and Shanthikumar [36] for a proof of the following result in the classical case of a probability measure, and to Ogryczak and Ruszczynski [32] for a different proof of the same result based on convex duality; the reader is also referred to Lemma A.22 in Föllmer and Schied [20] . Our proof is inspired by the last two references. 
In order to prove the above proposition we need the following lemma, which corresponds to Lemma A.22 in Föllmer and Schied [20] in the classical case. The conjugate function (2) of the function (2) is given by
Proof. The arguments of the proof being almost the same as those of Föllmer and Schied [20] , the proof is placed in the Appendix C.
We are ready to prove Proposition 3.8.
Proof of Proposition 3.8. The proof is based on Lemma 3.9.
Suppose that (i) holds true, i.e.
(2) ( ) ≤ (2) ( ), for all ∈ ℝ. Then, for all ∈ ℝ,
The converse implication can be obtained by means of a similar argument after observing that the function (2) is the conjugate function of (2) . This observation follows from the fact that the function (2) is convex, proper and lowersemicontinuous (cf. Theorem 24.2 in Rockafellar [34] ) and from the biduality theorem (cf. Theorem 12.2 in Rockafellar [34] ).
We conclude this section by establishing another useful characterization of the relation ≤ icx, which will be needed in the sequel. Its analogue in the classical case of a probability measure can be found in Dana [10] (see also thm. 5.2.1 in Dhaene et al. [16] for a related result). Our proof follows the proof of the former. 
Proof. Being similar to the proof of Dana [10] , the proof is given in the Appendix C. 
A useful tool: The generalized Hardy-Littlewood's inequalities
In this section we state a useful result which can be seen as a "generalization" of the well-known Hardy-Littlewood's inequalities to the present setting. For the statement and the proof of this result in the classical case of a probability measure we refer to Theorem A. 24 in Föllmer and Schied [20] and to the references therein; some applications of the "classical" Hardy-Littlewood's inequalities to finance can be found in the same reference. Some applications of the "classical" version to economics and finance can also be found in Carlier and Dana [4] ; see also Carlier and Dana [3] (and the references therein) where a supermodular extension of the "classical" inequalities is used in insurance.
The generalization that we state in this section will be needed while dealing with the optimization problem of Section 5. This generalized version proves to be useful also in our ongoing work concerning some static optimization problems related to the CEU theory Ht (cf. Grigorova [22] ).
Theorem 4.1 (Hardy-Littlewood's inequalities in the case of a capacity). Let be a capacity on (Ω, F). Let and be two non-negative measurable functions
with quantile functions (with respect to the capacity ) denoted by and . 
If is concave and continuous from below, then ( ) ≤ ∫

(1 − ) ( ) .
Proof. The proof of this result can be found in Grigorova [24] .
Application to a financial optimization problem
This section is devoted to the following optimization problem:
where + denotes the set of non-negative bounded measurable functions, is a given capacity, is a given function in + , and is a given function in + .
The study of this problem has been inspired by the work of Dana [10] in the classical case of a probability measure; see also Dana and Meilijson [11] , Jouini and Kallal [26] and Dybvig [17] .
The following economic interpretation of problem (D) may be given. We place ourselves in a world where the agents are facing "ambiguous events" and we assume that all the agents perceive ambiguity in the same manner, i.e. through the same capacity . The objective functional → ( ) can be interpreted as a (non-decreasing non-additive) premium principle, and the non-negative measurable function can be seen as a discount factor or, more generally, a "change of numéraire". We recall that in the insurance literature premium principles are functionals on + taking values in ℝ; these functionals are usually nondecreasing. This non-decreasingness requirement is due to the interpretation of the elements of + as payments which an insurance company has to make (or losses it has to face). In the case where the capacity is concave (which will be the case later on), the objective functional → ( ) is convex. We note that a functional of this form (in the case ≡ 1) is used in Chateauneuf et al. [7] in order to model the selling price of a claim (its buying price being modelled by(⋅)). We note as well that, up to a minus sign, the objective functional is an example of a "cash-subadditive risk measure" in the terminology of El Karoui and Ravanelli [19] .
We consider a decision maker (an insurance company for instance) which uses the premium principle ( ⋅) as a reference premium principle, but which is now willing to devise a "new" premium principle which takes into account the preferences of a class of agents (aggregated by means of the ≤ icx, -relation). Thus, for a given loss ∈ + , problem (D) consists in maximizing the initial premium principle ( ⋅) over the set of (non-negative) losses which are dominated by in the ≤ icx, -sense, i.e. which are "uniformly" preferred to in the sense of the ≤ icx, -relation (cf. Remark 3.2).
Adopting the terminology introduced by Jouini and Kallal [26] , we may call the value function ( , ) of problem (D) (when is fixed) the "utility premium" of (or "pain premium" of ) in the context of ambiguity. It will be shown in Subsection 5.2 that, for a fixed , the "utility premium" in the context of ambiguity (⋅, ) is the smallest functional on + among those which are consistent with respect to the ≤ icx, -relation and which are greater than or equal to the initial premium principle ( ⋅).
The following theorem holds true. 
Proof. We have ( , ) = sup
where the first inequality is due to the upper bound in Hardy-Littlewood's inequalities (Theorem 4.1), and the second inequality is a consequence of Proposition 3.10 (applied with = ).
Thus we obtain that ( , ) ≤ ∫ 
where we have used the continuity of in the last step.
We are left with establishing that ( ) ≤ icx, . We will check this property by using the definition of ≤ icx, . Let be a non-decreasing, convex function. We have
where the second equality follows from Lemma A.3 (the function ∘ being nondecreasing and the function being continuous by assumption). This gives
where the last but one equality is obtained thanks to Lemma A.3 after observing that is a continuous function as a real-valued convex function on ℝ.
This concludes the proof. Proof. We sketch the proof by following the proof of Theorem 5.1 and by stressing only on the changes to be made in the proof of Theorem 5.1. Note that applying Lemma A.3 is still possible whenever needed in this case (even without the continuity assumption on ) thanks to Remark A.4. Nevertheless, the continuity of being used to obtain the last equality in Equation (5.1) We seth ( ) :=( ) and we replace Equation (5.1) by the following
where Lemma A.3 and Remark A.4 are used to obtain the first equality and the characterization of the conditional expectation is used to obtain the last. Equation (5.2) remains unchanged, the function being replaced by the function; we have again applied Lemma A.3 and Remark A.4 to obtain it. Equation (5.3) has to be replaced by
where we have applied Jensen's inequality. [10] , where the assumption of non-atomicity on the underlying probability space is made. [10] (see also Dana and Meilijson [11] , and Föllmer and Schied [20] 
Remark 5.4. The previous Proposition 5.3 is analogous to Theorem 2.1 in Dana
The value function of problem (D) as a risk measure (or a premium principle in insurance)
In this subsection we study some of the properties of the value function (⋅, ) of problem (D), and we give an interpretation of (⋅, ) in terms of premium principles (or, up to a minus sign, in terms of risk measures). Our interpretation is analogous to that of Dana [9] . [20] , up to a minus sign, is a monetary measure of risk on (see also Wang and Yan [42] , or Ekeland et al. [18] for the same "sign convention" as the one used in the present paper). Moreover, is additive with respect to comonotonic elements of ; this property is due to Proposition A.6. Risk measures having the property of comonotonic additivity have already been studied in the literature, the idea being that when and are comonotonic, cannot act as a hedge against (cf., for instance, Föllmer and Schied [20] for a discussion of the property of comonotonic additivity; Laeven [30] , Heyde et al. [25] , and Song and Yan [38] for a discussion of the more general property of comonotonic sub-additivity; Cont et al. [8] for some related results on quantile convexity). The risk measure has the additional property of being consistent with the increasing convex ordering relation ≤ icx, , which means that if ≤ icx, then ( ) ≤ ( ).
This consistency property is easily obtained thanks to Proposition 3.10 applied with := (which is non-decreasing, non-negative and integrable).
We note furthermore that the functional can be represented as a Choquet integral with respect to a capacity. Indeed, according to a well-known representation result for monotone and comonotonicly additive functionals on (cf. thm. 4.82. in Föllmer and Schied [20] , or Denneberg [13] ), we know that there exists a capacity on (Ω, F) such that ( ) = ( ), for all ∈ .
The capacity is related to the initial capacity in the following manner
Therefore, the capacity is of the form: ( ) = ( ( )), ∀ ∈ F where ( ) := ∫ . We verify that the function is a distortion function in the sense of the definition given in section 2; hence, the capacity = ∘ is a distorted capacity. Moreover, the distortion function being concave and the capacity being concave, the capacity is a concave capacity. Thus, the functional can be represented as a Choquet integral with respect to the concave distorted capacity ∘ ; hence, is a positively homogeneous, convex monetary risk measure (or, up to a minus sign, a coherent measure of risk in the terminology of Artzner et al. [1] ).
Some of the previous observations are summarized in the following proposition for reader's convenience. As recalled in the introduction, risk measures of the form ∘ (⋅) where is a probability measure and is a (concave) distortion function have been studied by Wang et al. [40] and Denneberg [12] , and are now known under the name of distortion risk measures or distortion premium principles (see, for instance, Dhaene et al. [16] for a survey and examples). At the end of his article, Denneberg [12] suggests possible generalizations to the case where the probability measure is replaced by a more general set function: the functional that we obtain could be seen as an example of such a generalization. Adopting this point of view, we could call a "generalized" distortion risk measure. Let us finally remark that the value function of problem (D) can also be seen as an analogue in the setting of ambiguity of the notion of maximal correlation risk measure (cf. Ekeland et al. [18] and the references therein).
"Dual characterization" of the value function of problem (D)
In the previous subsection we have seen that the new premium principle (⋅, )
obtained by the insurance company through problem (D) has (among other "desirable" properties) the property of consistency with respect to the relation ≤ icx, .
We recall that the property of consistency with respect to a given stochastic dominance relation is often presented as a "desirable" property for a premium principle (cf. Young [45] and the references therein, or Rüschendorf [35] ). We note that a (consistent) premium principle induces a total pre-order on + (unlike the stochastic dominance relation which is only a partial pre-order).
In the following proposition we establish that the value function (⋅, ) of problem (D) is the smallest premium principle on + among those which are consistent with respect to the increasing convex dominance relation ≤ icx, and which are greater than or equal to the initial premium principle. Proof. Let ∈ + . We have ( , ) ≥ ( ); this property is due to the fact that (⋅, ) is the value function of problem (D) and to the reflexivity of the relation ≤ icx, . Let : + → ℝ be a functional which is consistent with ≤ icx, and which is greater than or equal to 0 . For all ∈ + such that ≤ icx, , the property of consistency with respect to the relation ≤ icx, implies that ( ) ≥ ( ). Moreover, ( ) ≥ ( ). So, by taking the supremum over the set { ∈ + s.t. ≤ icx, }, we have ( ) ≥ ( , ).
The previous proposition gives a link between the initial premium principle ( ⋅) and the "new" premium prinicple (⋅, ), which could be seen as analogous to that between the Value at Risk and the Average Value at Risk of Theorem 9 in Kusuoka [29] (cf. also Theorem 4.61 in Föllmer and Schied [20] ). We end this section by recalling that in the review article by Young [45] it is stressed on the importance of devising a premium principle according to a method in which the insurer "adopts a particular economic theory and then determines the resulting premium principle". In our case, the adopted economic theory is the CEU-theory, on which the definition (Definition 3.1) of the ≤ icx, −relation is based. The ≤ icx, −relation is, in its turn, taken into account through the constraint of problem (D) in order to devise the new premium principle (⋅, ). Loosely speaking, the newly obtained premium principle is "richer" than the initial premium principle 0 because other criteria of "riskiness" have been taken into account through the constraint of problem (D).
Subsequent work and perspectives
In Subsection 5.1 we have obtained that the value function (⋅, ) of problem (D) (where is fixed) can be represented as a Choquet integral with respect to a distorted capacity of the form ∘ where is a concave distortion function.
For a thorough study of functionals of the form ∘ (⋅) (where is a distortion function and is a given capacity) the reader is referred to our subsequent work Grigorova [23] . In particular, in Theorem 4.4 of Grigorova [23] 
A Some basic results about capacities and Choquet integrals
The results of this Appendix A can be found in the book by Föllmer and Schied [20] (cf. Section 4.7), and/or in the book by Denneberg [13] , and are recalled here for reader's convenience.
A.1 Choquet integrals and quantile functions
In the following well-known result we make the convention that the assertion is valid provided the expressions make sense. The result can be found in Denneberg [13] [13] .
The following lemma is the analogue of Lemma A.23. in Föllmer and Schied [20] , and can be found in Denneberg [13] . [20] for a proof in the classical case) and is left to the reader.
A.2 Comonotonic functions
The following characterization of comonotonic functions corresponds to Proposition 4.5 in Denneberg [13] (see also Föllmer and Schied [20] ). (ii) There exists a measurable function on (Ω, F) and two non-decreasing functions and on ℝ such that = ( ) and = ( ).
The notion of comonotonic functions proves to be very useful while dealing with Choquet integrals thanks to the following result (cf. Lemma 4.84 in Föllmer and Schied [20] , as well as Corollary 4.6 in Denneberg [13] 
A.3 A monotone convergence theorem for Choquet integrals
The reader is referred to Denneberg [13] for the following monotone convergence theorem for Choquet integrals.
We proceed to the proof of the second statement. As the sequence ( ) is non-decreasing, the sequence ( ) is non-decreasing; we denote by its limit function, i.e. ( ) := lim ( ) = sup ( ), ∀ ∈ (0, 1). We will show that, for all ∈ (0, 1), ( ) = ( ).
Now,
≥
for all , which implies that ( ) ≤ ( ), ∀ ∈ (0, 1), ∀ . By passing to the limit, we obtain ( ) ≤ ( ), ∀ ∈ (0, 1).
We turn to the proof of the converse inequality, namely ( ) ≥ ( ), ∀ ∈ (0, 1). Fix ∈ (0, 1) and let ∈ ℝ be such that ( ) < . By the first part of the lemma, we know that ( ) ↓ ( ). Hence, there exists 0 = 0 ( , ) such that for all ≥ 0 , ( ) < . Therefore, for all ≥ 0 , ∈ { ∈ ℝ : ( ) < } which implies that ( ) ≥ , for all ≥ 0 . By passing to the limit, we obtain ( ) ≥ , which
gives the desired inequality, and concludes the proof of the second statement. The third statement of the lemma is a consequence of the second one, combined with the fact that 
C The proofs of Lemma 3.9 and Proposition 3.10
Proof of Lemma 3.9 . Throughout this proof we set ( ) := (2) ( ) to alleviate the notation. Accordingly, we denote by * the conjugate function of , i.e. * ( ) := sup ∈ℝ ( − ( )). where the second equality is the straightforward transformation used in the proof of Proposition 3.7, and the third is due to Proposition A.1 and to Lemma A.3.
Thus, for = 0, we have * (0) = − inf By analogous computations, we obtain that * ( ) = +∞ for > 0, as well as * ( ) = +∞ for < −1. ( ) ( ) . The function being integrable, and the functions and being bounded (since and are in ), we can apply the Lebesgue convergence theorem to pass to the limit in the previous inequality which concludes the proof.
